Continuum extensions of common dual pairs of operators are presented and consolidated, based on the fractional Fourier transform. In particular, the fractional chirp multiplication, fractional chirp convolution, and fractional scaling operators are defined and expressed in terms of their common nonfractional special cases, revealing precisely how they are interpolations of their conventional counterparts. Optical realizations of these operators are possible with use of common physical components. These three operators can be interpreted as fractional lenses, fractional free space, and fractional imaging systems, respectively. Any optical system consisting of an arbitrary concatenation of sections of free space and thin lenses can be interpreted as a fractional imaging system with spherical reference surfaces. As a special case, a system departing from the classical single-lens imaging condition can be interpreted as a fractional imaging system.
INTRODUCTION
The fractional Fourier transform, which is a generalization of the ordinary Fourier transform, has received considerable interest over the past decade and has found many applications in optics and signal processing. Of particular interest from an optics perspective is the observation that as light propagates, its amplitude distribution evolves through fractional Fourier transforms of increasing orders. This observation is based on a relationship between the fractional Fourier transform and the Fresnel transform with the fractional order being related to and increasing with the distance of propagation. 25 With use of this result, it is possible to analyze a wide family of optical systems. 1, 26 An important concept is that of fractional Fourier domains, which are generalizations of the conventional space and frequency domains. 27, 28 This continuum of domains provides a continuous transition between the space and frequency domains.
Several pairs of operators are known to be Fourier duals (or conjugates). (For a discussion of such duals in an optics context, see Refs. 29 and 30.) Coordinate multiplication/differentiation and phase-shift/translation operators are just two common dual pairs. In this paper we will introduce and consolidate several continuums of operators indexed by the fractional order parameter a, whose members are associated with the ath fractional Fourier domain and which likewise provide a continuous transition between common dual operator pairs.
The operators that we deal with in this paper perform the same actions in fractional domains as their conventional counterparts perform in the space domain. We will also discuss the optical implementation of these operators in terms of their conventional counterparts.
The ath-order fractional Fourier transform f a (u) ϭ ͕F a f ͖(u) of the function f(u) is defined for 0 Ͻ ͉a͉ 
where
The definition may be extended outside the interval (Ϫ2, 2) through F 4jϩa f ϭ F a f for any integer j. Moreover, F 4j and F 4jϩ1 correspond to the identity operator I and the ordinary Fourier transform operator F, respectively. The transform is a linear operator, and it is additive in index:
It will also be useful to review the three-parameter group of linear integral transforms known as linear canonical transforms, of which the fractional Fourier transform is a special case. The linear canonical transform of
where A M ϭ ͱ␤ exp(Ϫi/4). Here C M is the linear canonical transform operator and M represents the three real parameters ␣, ␤, ␥. It is convenient to represent M in matrix form:
The reason we define M in this manner is that the matrix corresponding to the composition of two systems is the matrix product of the matrices of the corresponding individual systems. Moreover, the matrix of the inverse of a transform corresponds to the inverse of the original transform's matrix. The fractional Fourier transform operator is a linear canonical transform whose matrix is the rotation matrix
We note that some of the developments and results of this paper can be seen as special cases of corresponding results for linear canonical transforms. In some cases this is merely a matter of substituting the matrix parameters given in Eq. (6) . For such more general results, we refer the reader to general studies on linear canonical transforms and operator methods.
32-47
The effect of ath-order fractional Fourier transformation on the Wigner distribution of a signal is to rotate the Wigner distribution by an angle ␣. 27, 28, 48 Hence the mathematical relation between the Wigner distribution of a function and the distribution of its fractional Fourier transform is as follows:
The Radon transform operator RDN ␣ , which takes the integral projection of the function W f (u, ) onto an axis making an angle ␣ ϭ a/2 with the u axis, can be used to restate the previous property in the following manner:
Here the projection axis u a is referred to as the ath fractional Fourier domain (Fig. 1) . 27, 28 The space and frequency domains are merely special cases of the continuum of fractional Fourier domains.
It is important to distinguish between two distinct senses of the term ''fractional'' as it applies to operators. The first and more common is the sense in which we speak of the ath fractional power of an operator A, which we denote by A a . The fractional Fourier transform is indeed the ath mathematical power of the ordinary Fourier transform in this sense. 49 Second, we may speak of the operator that has the same effect on the ath fractional Fourier transform f a (u a ) in the ath domain as the original operator has on the original function f(u) in the space domain. To distinguish this operator associated with the ath fractional Fourier domain from the ath power of A, we will denote it by A a . From this definition it follows that
Note that A and A a are two different operators, whose representations in the 0th and ath domains, respectively, are identical. They are not different representations of the same operator. It is this second kind of ''fractional'' operator that we will be dealing with in this paper. Thus when we speak of fractional free space or fractional lenses or fractional imaging systems, we will not be referring to fractional powers of an ordinary section of free space, lens, or imaging system. We will rather be referring to that system which has the same effect on a distribution of light represented in the fractional Fourier domain as its conventional counterpart would have in the space domain.
Indeed, the ath fractional power of a section of free space of length d in the first sense is merely a section of free space of length ad. Likewise, the fractional power of a lens with focal length f in the first sense is merely a lens with focal length f/a. It can be easily verified that these fractional powers satisfy the interpolation property at a ϭ 0 and a ϭ 1 and index additivity.
In the following sections we will first focus on coordinate multiplication/differentiation and phase-shifttranslation operator pairs and discuss their fractional counterparts. Section 4 deals with the fractional scaling operator, which will be seen to correspond to fractional imaging in an optics context. Section 5 deals with fractional chirp multiplication and convolution operators, which will be seen to correspond to fractional lenses and free space in an optics context. In Section 6 we will revisit the fractional scaling operator to discuss an important interpretation. The final section will discuss the importance of our results in an optical context.
COORDINATE MULTIPLICATION AND DIFFERENTIATION OPERATORS
We begin by defining the multiplication operator U and the differentiation operator D through their effects in the space domain:
It can be easily shown that this pair forms a Fourier dual, which means that coordinate multiplication in the space domain corresponds to differentiation in the frequency domain and vice versa: The Fourier transform of uf(u) is (Ϫi2) Ϫ1 dF()/d, and the Fourier transform of (i2) Ϫ1 df(u)/du is F(). A consequence is that U and D are related through the Fourier transform operator as follows: 
The fractional forms of these operators are defined so as to have the same functional effect in the ath domain:
From this definition we may obtain, generalizing Eq. (12) and consistent with the general form given in Eq. (9),
It has been shown (for instance (see Refs. 27, 28, and 31), that these fractional operators can be expressed in terms of their integer counterparts as follows:
As the fractional-order parameter a varies from 0 to 1, the relative contributions of U and D to U a and D a are given by simple trigonometric factors. We also point out that these relations or their more general forms corresponding to more general linear canonical transforms follow immediately from an alternative definition of the fractional Fourier transform (Ref. 
PHASE-SHIFT AND TRANSLATION OPERATORS
The phase-shift operator P H() and the translation operator S H() are defined as follows:
These operators shift or translate signals in the space or frequency domain, respectively 1 :
͕S H͑ ͒f ͖͑u͒ ϭ f͑u ϩ ͒.
Phase shifting and translation are Fourier duals of each other, which again means that phase shifting in the space domain corresponds to translation in the frequency domain and vice versa:
The Fourier transform of exp(i2u)f(u) is F( Ϫ ), and the Fourier transform of f(u Ϫ ) is exp(Ϫi2)F(). Consequently, the two operators in question are related through
which is of the same form as Eq. (12). The fractional forms of these operators are defined as 27, 28 
These operators have the same functional effect in the ath domain as their conventional counterparts have in the space domain:
By using the power series expansion of the fractional phase shift operator, we obtain
Similarly, it can be shown that the fractional translation operator satisfies
Equations (28) and (29) 27, 28 :
S H a ͑ ͒ ϭ exp͑i 2 sin ␣ cos ␣͒S H͑ cos ␣͒ ϫ P H͑Ϫ sin ␣͒.
As the fractional-order parameter a varies from 0 to 1, the relative contributions of P H() and S H() to P H a () and S H a () are given by simple trigonometric factors. It is interesting to compare these equations with Eqs. (17) and (18).
SCALING OR MAGNIFICATION OPERATOR
The scaling operator M(M) can be defined through the multiplication and differentiation operators in the following way
where M Ͼ 0. Its effect in the space domain is
The scaling operator, which corresponds to magnified or demagnified imaging in optics, is its own dual in the sense that scaling in the space domain corresponds to descaling in the frequency domain: The Fourier transform of
which is a result of the following identity:
The scaling operator is a one-parameter subgroup of the group of linear canonical transforms with a 2 ϫ 2 matrix:
The fractional form of the scaling operator is again defined in the same manner:
. This operator has the same functional effect in the ath domain as its conventional counterpart has in the space domain:
From this definition we again obtain, in the form of Eq. (9),
Noting that M a (M) is also a linear canonical transform, we use Eq. (39) to obtain its matrix as
where the phase factors from Eq. (5) cancel each other. By using Eqs. (34) and (39) we can write
This result expresses the fractional scaling operator in terms of the ordinary scaling operator or its dual (which is also a scaling operator with reciprocal parameter). We can see that when a ϭ 0,
(1/M). As the fractional-order parameter a varies from 0 to 1, M a (M) evolves from M(M) to M(1/M).
Also, compare this equation with Eqs. (17) and (18) and Eqs. (30) and (31).
CHIRP MULTIPLICATION AND CHIRP CONVOLUTION
The chirp multiplication operator Q(q) and the chirp convolution operator R(r) are defined as follows:
Their effect in the space domain is given by ͕Q͑q͒f ͖͑u͒ ϭ exp͑Ϫiqu
͕R͑r͒f ͖͑u͒ ϭ exp͑Ϫi/4͒ ͱ 1/r exp͑iu 2 /r ͒ * f͑u ͒.
These two operators again form a Fourier dual pair, meaning that multiplying with a chirp function in the space domain corresponds to convolving with a chirp function in the frequency domain and vice versa. 1 The chirp multiplication and chirp convolution operators are related through
which is again in the form of Eq. (9). The chirp multiplication operator describes the action of a thin lens on a field incident on it, and the chirp convolution operator describes the action of propagation through a section of free space in the Fresnel approximation. 1 These chirp operators are one-parameter subgroups of the group of linear canonical transforms with 2 ϫ 2 matrices:
The fractional forms of these operators are defined as
It can again be shown through their power series expansion that these definitions imply
Noting that Q a (q) and R a (r) are also linear canonical transforms, we can use Eq. (53) to obtain a matrix representation for Q a (q) as
which can be written as
Recognizing the matrices on the right-hand side as integer chirp operators enables us to express the fractional chirp multiplication operator Q a (q) in terms of Q 0 (q) and R 0 (r) as
If we employ the same technique for the fractional chirp convolution operator R a (r), we will arrive at an analogous result:
Use of dual matrix decompositions [that is, with the lower and upper triangular matrices that appear in Eq. (56) interchanged], we can obtain two further equations as follows:
R a ͑ r ͒ ϭ Q͑Ϫtan ␣͒R͑r cos 2 ␣͒Q͑tan ␣͒.
Equations (57), (59), (60), and (61) together constitute relations expressing the fractional operators in terms of their ordinary counterparts. Again, these can be used to realize fractional chirp multiplication and convolution operators in terms of their conventional counterparts. Since conventional chirp multiplication and chirp convolution correspond to lenses and sections of free space in optics, these formulas can be used to realize optical systems acting as fractional chirp multipliers or convolvers. Fractional chirp multipliers and convolvers can also be referred to as fractional lenses and fractional sections of free space. By inserting Eq. (17) into Eq. (49) and using Eq. (57), we can also write the corresponding hyperdifferential Baker-Campbell-Hausdorff formula,
We can use exactly the same technique on the remaining three Eqs. (59), (60), and (61) to obtain three more hyperdifferential Baker-Campbell-Hausdorff formulas as
FRACTIONAL SCALING OPERATOR REVISITED
We now discuss an interesting property of the fractional scaling operator:
Every linear canonical transform can be expressed as a fractional scaling operator with properly chosen quadratic phase factors at the input and output.
Since optical systems consisting of arbitrary concatenations of any number of sections of free space and lenses can be mathematically expressed as linear canonical transforms, this means that all such optical systems can be interpreted as a fractional scaling operator with properly chosen spherical reference surfaces at the input and output. This result can be expressed in terms of matrices as follows:
where AD Ϫ BC ϭ 1; AЈ, BЈ, CЈ, DЈ are the matrix elements of the fractional scaling operator given in Eq. (40) (BЈ ϭ CЈ); and R 1 and R 2 are the radii of the spherical reference surfaces. The first and third matrices that appear in the right-hand side of Eq. (66), corresponding to multiplication by a quadratic-phase factor (chirp), account for the effect of using spherical reference surfaces. The solution for this system of equations for B 0 is as follows:
These equations mean that given A, B, C, D, we can choose either M or a but we cannot choose both of them independently. Once we choose either from Eq. (67), the other is determined, and the radii can be found by using Eqs. (68) and (69). Alternatively, we can start by choosing either R 1 or R 2 . The resulting equation together with Eq. (67) will determine both M and a and also the other radius. In other words, given an arbitrary optical system consisting of lenses separated by sections of free space, we are able to interpret it as a fractional scaling operation provided that we choose M, a, and the two spherical reference surface radii as required by these equations. Notice that when B ϭ 0, a takes on integer values (for M 1), and the fractional imaging system turns into a conventional imaging system. The M ϭ 1 case merely corresponds to the identity operator and is of no interest to us.
In certain situations, one might not wish to have a spherical reference surface at the input (or the output). This case can be handled by simply putting R 1 ϭ ϱ (or R 2 ϭ ϱ). In this case, a, M, and the other radius are fully determined in terms of the ABCD parameters. The same would hold true if we were to impose a parametric constraint between R 1 and R 2 , which effectively reduces them to a single parameter. This would be the case if we wished to evenly distribute the additional quadraticphase factors between the input and the output.
Note that if we wish to avoid complex values of a, we must choose M such that ͉B͉ Ͻ ͉M Ϫ 1/M͉/2. This and the form of Eqs. (68) and (69) would also bound our freedom in those cases where we wish to specify R 1 or R 2 (or a constraint between them).
As an example, let us consider the well-known classical single-lens imaging system with distance d 1 from the object plane to the lens and d 2 from the lens to the image plane. The focal length of the lens is f. The above set of Eqs. (67)-(69) can be rewritten for this system as follows:
When the imaging condition 1/f ϭ 1/d 1 ϩ 1/d 2 is satisfied, it is possible to show that B ϭ 0 and hence a becomes an integer. If the parameters are such that we depart from this condition, that is, if the imaging condition is not exactly satisfied, then a will assume a fractional value. In fact, this remains true not only for small deviations but for large ones as well. This supports referring to such systems as fractional imaging systems, as opposed to conventional ''whole'' imaging systems. Using well-known matrix multiplication-based decomposition formulas given in Ref. 1 and several earlier studies, 31, 42, 51 we can write
where AЈ, BЈ, DЈ are the matrix elements of the fractional scaling operator given in Eq. (40) (CЈ ϭ BЈ). Equating these equations to the expression obtained by substituting Eqs. (17) and (18) into Eq. (37) and expressing everything in terms of U and D, we obtain hyperdifferential Baker-Campbell-Hausdorff formulas for M a (M). Since these formulas are rather complicated, they are not explicitly presented.
It is also interesting to note that since the right-hand sides of Eqs. (73) and (74) consist only of chirp multiplication and chirp convolution operators, these equations suggest a way of implementing fractional scaling operators by use of sections of free space and thin lenses.
DISCUSSION AND CONCLUSIONS
Two operators are Fourier duals if what one operator does in the space domain corresponds to what the other one does in the frequency domain. Coordinate multiplication/differentiation and phase-shift/translation operators are common examples. In this paper we have considered and consolidated the continuum extension of this duality by employing the fractional Fourier transform and the concept of fractional Fourier domains. In other words, we have extended common dual pairs of operators to a continuum of operators that assume the common dual pair as special cases at opposite extremes.
In this paper we defined the fractional chirp multiplication/convolution and the fractional scaling operators. We expressed these operators in terms of their nonfractional special cases, revealing in what way they are combinations or interpolations of the common nonfractional operators. The results obtained are summarized in Table  1 along with corresponding results for coordinate multiplication/differentiation and phase-shift/translation operators that were previously established.
Of particular interest was the fractional scaling operator. Since mathematical scaling corresponds to optical imaging, we can also refer to this as the fractional imaging operator. We have seen that any optical system composed of lenses and sections of free space can be interpreted as a fractional scaling or imaging operator with spherical reference surfaces at the input and output. In other words, such optical systems, which do not satisfy the imaging condition, can be interpreted as fractional, rather than full, imaging systems. The fractional order of such imaging systems is a function of the parameters of the optical system. The fractional chirp multiplication and the chirp convolution can be optically interpreted as fractional lenses and fractional sections, respectively, of free space. We have seen how these or fractional imaging systems can be realized in terms of common physical lenses and sections of free space. Although not emphasized in this paper, the fractional phase-shift operator can be likewise interpreted as a fractional prism, and the fractional translation operator can be interpreted as a fractional lateral translation of the optical axis. The formulas that we have provided also show how these can be realized in terms of common physical prisms and simple lateral physical translations of the optical axis.
Numerous applications require the frequency content of an optical signal or field to be altered. In such cases it is valuable to know the equivalent action to be taken in the space domain. Similarly, it has been shown that in certain cases improved performance or lower cost can be achieved by altering the content of the signal in a fractional domain, on the ath domain representation of a signal, rather than in the ordinary Fourier domain. An important use of the equations presented in this paper, expressing the fractional operators in terms of their nonfractional counterparts, is that these formulas are useful for implementing fractional operators with only the use of common physically available components. 
